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Abstract
In this paper we study the universal behaviour of multipliers on the space H(C) of entire functions
endowed with the compact open topology.
c© 2009 Elsevier Inc. All rights reserved.
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1. Introduction
Let T = {Tn} ⊂ L(X) be a sequence of continuous linear operators acting on a separable
infinite-dimensional F-space X . This sequence is said to be universal if there exists x ∈ X such
that its orbit under T , that is Orb(T , x) := {Tn x : n ∈ N}, is dense in X . If X is a function space,
such a vector x is said to be a universal function for T . If Tn := T n , n ∈ N, for some T ∈ L(X),
the universal elements are called hypercyclic.
Some of the first examples of universal behaviour of linear operators on linear spaces were
provided on the space of entire functions H(C), endowed with the compact open topology.
Birkhoff [10] proved the universality of the sequence of translations Tn f (z) := f (z + n),
n ∈ N, onH(C) using the Runge theorem. MacLane [30] did it for the sequence of powers of the
derivative operator D f (z) := f ′(z). For a recent account on the proof of these results, see [4].
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The derivative operator has also been treated by Bonet on weighted inductive limits of spaces of
holomorphic functions [11], and on weighted spaces of entire functions [12]. Details concerning
the influence of the Birkhoff and MacLane operators on the development of universality (and
hypercyclicity) can be found in [23, Sec. 4.a and 4.c]; see also [23,13,24,32].
The above-mentioned seminal examples led to a more comprehensive study of these
phenomena by Godefroy and Shapiro in [22]. They showed that every convolution operator
on H(CN ) (a continuous linear operator that commutes with all translations, or equivalently
commutes with each partial differential operator) that is not a multiple of the identity is
hypercyclic [22, Th. 5.1].
On the other hand, examples of non-convolution operators on H(C) can be found in [19]; see
also [4], where the hypercyclicity of the operators (Tλ,b f )(z) := f ′(λz + b) for |λ| ≥ 1 and
b 6= 0 is shown. Other examples in H(CN ) can be found in [34].
For a nonempty compact set K ⊂ C, let A(K ) be the Banach space of all functions
which are continuous on K and holomorphic in its interior. In [27], Luh studied the existence
of holomorphic functions which have some universal properties simultaneously, for several
sequences of operators. The existence of such functions is easy to see in the case of
hypercyclicity, since the set of all hypercyclic vectors of an operator is a residual set. For
instance, there are entire functions which are simultaneously hypercyclic for a translation
and the derivative operator on H(C). In fact, these operators share a dense subspace, whose
nonnull functions are hypercyclic for both operators [24, Prop. 1], and there is a residual set
of entire functions which are hypercyclic for the translation operator, and all of their powers
are hypercyclic for the derivative operator [3]. The study of existence of common universal or
hypercyclic vectors for families of operators is an area of intensive work (see, e.g., [1,2,5,6,17,
26,15]).
For an entire function ϕ we denote by ϕ( j) its derivative of order j , if j ∈ N0; and if − j ∈ N
we denote as ϕ( j)(z) = ∫ z0 ϕ( j+1)(t)dt the normalized antiderivative of ϕ of order − j .
Theorem 1.1 ([27]). Let {zn}n be an unbounded sequence in C. There exists an entire function
ϕ such that for each nonempty compact subset K ⊂ C with connected complement we have:
1. for any fixed j ∈ Z the sequence {ϕ( j)(z + zn)}n is dense in A(K );
2. for any fixed j ∈ Z the sequence {ϕ( j)(zzn)}n is dense in A(K ), if 0 6∈ K ;
3. the sequence of derivatives {ϕ[|zn |](z)}n is dense in A(K ).
In this result, 1.1.1 is an extension of the Birkhoff example for the derivatives of ϕ. On the
other hand, 1.1.2 is an extension of a result of Zappa on the existence of a holomorphic function
on C∗ := C \ {0} such that {ϕ(nz)}n is dense in A(K ) for every nonempty compact set K ⊂ C∗
whose complement is connected in C∗ [35]. Approximation theorems of Runge and Mergelyan
can be refined considering lacunary polynomials [18,33,20,21,28]. So it is not surprising that
functions which simultaneously verify 1.1.1 and 1.1.2 can have lacunary power series [29].
A non-convolution operator T on H(C) defined as T f (z) = (z f )′(z) was introduced in [31].
It generalizes the MacLane operator but preserves the initial lacunas in the power series of a
function along all the orbit under {T n}n . This operator cannot be hypercyclic in X = H(C)
nor in X = { f ∈ H(C) : f (0) = 0}: Given f (z) := ∑∞k=0 ak zk , we have T (∑∞k=0 ak zk) =∑∞
k=0(k + 1)ak zk , and hence T n(
∑∞
k=0 ak zk) =
∑∞
k=0(k + 1)nak zk . Take an arbitrary k0 ∈ N.
By continuity of the projection pik0 :
∑∞
k=0 ak zk → ak0 , we have that
∑∞
k=1 ak zk can only be
hypercyclic for T on X if ((k0 + 1)nak0)n is dense in C, which leads to a contradiction.
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However, in [31] there can be found results in the sense of Theorem 1.1 for the operator T
instead of the derivative operator. But in [31, Th. 2] the computation of T nk results in a serious
gap (just take {zn}n = {n}n and Q = N0). This was pointed out by Grosse-Erdmann [25]. In this
paper we provide a general result that provides a correct proof of this statement.
2. Main section
Let K ⊂ C be a nonempty compact set. We define the radius of K as rad(K ) := sup{|z| : z ∈
K }, and given λ ∈ C let d(λ, K ) := inf{|λ− z| : z ∈ K } be the distance of λ to K . In addition,
for every f ∈ H(C) we define its supremum norm on K as ‖ f ‖K := sup{| f (z)| : z ∈ K }.
Let K ⊂ C be a nonempty compact set with connected complement and λ 6∈ K . By the
Runge theorem, the function 1
λ−z can be approximated by polynomials uniformly on K . The
next lemma is a quantitative version of the Runge theorem — it gives an estimate of the degree
of the approximating polynomial.
Lemma 2.1. Let K ⊂ C be a nonempty compact set with connected complement. Let λ ∈ C \ K
and s > 0. Then, the following property holds, namely (*):
There exists k ∈ N such that for every n, j ∈ N, with j ≤ n, there is a polynomial p satisfying
deg(p) ≤ kn and∥∥∥∥p(z)− 1(λ− z) j
∥∥∥∥
K
≤ 1
sn
.
Proof. Fix K as in the hypothesis. The proof will be carried out in several steps.
Step 1. Property (*) holds for every λ ∈ C \ K with |λ| > max{4 rad(K ), 2}.
Fix λ as indicated, and s > 0. Let k ∈ N satisfy 2k > s. For every z ∈ K we have
1
(λ− z) j =
(
1
λ
∞∑
l=0
( z
λ
)l) j = 1
λ j
∞∑
l=0
( z
λ
)l ( l + j − 1
j − 1
)
for every j ∈ N.
Let n, j ∈ N and j ≤ n. Consider the polynomial
p j (z) := 1
λ j
kn∑
l=0
( z
λ
)l ( l + j − 1
j − 1
)
with deg(p j ) ≤ kn. Since |z/λ| < 1/4 for all z ∈ K , and
( n
m
) ≤ 2n for all m ≤ n, we get∥∥∥∥p j (z)− 1(λ− z) j
∥∥∥∥
K
≤ 1|λ| j
∞∑
l=kn+1
2l+ j−1
4l
≤ 2
j
|λ| j
∞∑
l=kn+1
1
2l
≤ 1
2kn
≤ 1
sn
.
Step 2. If property (*) holds for some λ ∈ C \ K , then it also holds for each λ′ ∈ C \ K such
that |λ′ − λ| < min{1, d(λ, K )/4}.
Fix λ, λ′ as in the statement. Let s′ > 0, without loss of generality we can assume that
s′ ≥ max{1, 4|λ|} and d(λ, K ) > 1/s′. Choose s > 4s′. By the assumption, there exists
k ∈ N such that (*) holds for λ, s and k. Let us take k′′ ∈ N satisfying 2k′′ > 4s′2 and define
k′ := k(k′′ + 1). We show that property (*) holds for λ′, s′ and k′.
Let n, j ∈ N with j ≤ n. For every z ∈ K we have
1
(λ′ − z) j =
(
1
λ− z
∞∑
l=0
(
λ− λ′
λ− z
)l) j
= 1
(λ− z) j
∞∑
l=0
(
λ− λ′
λ− z
)l ( l + j − 1
j − 1
)
.
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On the one hand, we have∥∥∥∥∥ 1(λ− z) j
∞∑
l=k′′n+1
(
λ− λ′
λ− z
)l ( l + j − 1
j − 1
)∥∥∥∥∥
K
≤
∞∑
l=k′′n+1
s′ j 2l+ j−1
4l
≤ (2s
′) j
2k′′n
≤ (2s
′)n
(4s′2)n
≤ 1
2s′n
,
which lets us construct the required polynomial. By hypothesis, for every 0 ≤ r ≤ k′′n+ n there
exists a polynomial qr such that deg(qr ) ≤ (k′′n + n)k = k′n and∥∥∥∥qr (z)− 1(λ− z)r
∥∥∥∥
K
≤ 1
sk′′n+n
.
We show that the polynomial
p j (z) :=
k′′n∑
l=0
(
l + j − 1
j − 1
)
(λ− λ′)lql+ j (z)
satisfies the required conditions. Clearly, deg(p j ) ≤ k′n. Furthermore,∥∥∥∥p j (z)− 1(λ′ − z) j
∥∥∥∥
K
≤
k′′n∑
l=0
(
l + j − 1
j − 1
)
|λ− λ′|l
∥∥∥∥ql+ j − 1(λ− z)l+ j
∥∥∥∥
K
+ 1
2s′n
≤ 1
2s′n
+ 1
sk′′n+n
k′′n∑
l=0
2l+ j−1|λ− λ′|l ≤ 1
2s′n
+ 2
k′′n+n
sk′′n+n
≤ 1
s′n
.
Step 3. Property (*) holds for all λ ∈ C \ K .
Denote by A the set of all λ ∈ C \ K for which (*) holds. By Step 1, A is nonvoid. Since,
by Step 2, A is open in C \ K , we only have to show that it is also relatively closed, and then
A = C \ K. Take an arbitrary sequence (λn)n ⊂ A tending to λ ∈ C \ K. We take n′ ∈ N such
that |λ− λn′ | < 1 and |λ− λn′ | < d(λ, K )/5. So d(λn′ , K ) ≥ d(λ, K )− |λn′ − λ| ≥ 4|λn′ − λ|,
and by Step 2 we get that λ ∈ A. Hence A ⊂ C \ K is a nonempty, relatively open and closed
subset. Since K has connected complement, we have A = C \ K . 
Given a sequence {γk} ⊂ C, we consider the multiplier operator T : H(C)→ H(C) defined
for every f (z) :=∑∞k=0 ak zk ∈ H(C) as (T f )(z) :=∑∞k=0 γkak zk . This operator is well defined
whenever lim supk→∞ k
√|γk | <∞.
Theorem 2.2. Let T be the multiplier operator associated with a sequence {γk} ⊂ C∗ which
verifies limk→∞ |γk | = ∞ and lim supk→∞ k
√|γk | < ∞. Let K ⊂ C be a nonempty compact
set with connected complement and 0 6∈ K . Let p be a polynomial and let ε, R > 0. Then there
exists N ∈ N such that for each n ≥ N:
1. there exists a polynomial h1 such that ‖T nh1 − p‖K < ε and ‖h1‖B(0,R) < ε;
2. there exists a polynomial h2 such that ‖T nh2‖K < ε and ‖h2 − p‖B(0,R) < ε.
Proof. Choose a compact set K ′ with connected complement such that K ⊂ int(K ′) and
0 6∈ K ′. Fix a ∈ K , an arbitrary polynomial p(z) := ∑deg(p)j=0 β j z j , and choose s such that
B(a, 1/s) ⊂ K ′, and
s > max
{
1
ε
, 2, R, rad(K ′), ‖z−1‖K ′ , ‖p‖K ′ ,
deg(p)∑
j=0
|β j |, deg(p), |γ0|, . . . , |γdeg(p)|
}
.
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Let k be the number obtained in Lemma 2.1 such that for every n ∈ N there exists a
polynomial qn with deg(qn) ≤ kn, and ‖qn − 1/zn‖K ′ < 1/s4n . Clearly
‖qn‖K ′ ≤
∥∥∥∥qn − 1zn
∥∥∥∥
K ′
+
∥∥∥∥ 1zn
∥∥∥∥
K ′
≤ 1
s4n
+
∥∥∥∥ 1zn
∥∥∥∥
K ′
≤ 1+ sn ≤ sn+1.
Firstly, let us prove (1): Take n ∈ N with n > deg(p), n ≥ 3 and |γm | ≥ s3k+7 (m ≥ n). This
yields the following estimation∥∥p − zn pqn∥∥K ≤ ‖p‖K ∥∥zn∥∥K ∥∥∥∥qn − 1zn
∥∥∥∥
K
≤ s
n+1
s4n
<
1
s
< ε
and deg(pqn) ≤ n + kn. Therefore we can write pqn(z) = ∑kn+nj=0 α j (z − a) j . By the Cauchy
formula, |α j | ≤ ‖pqn‖K ′ s j ≤ sn+ j+2 for every 0 ≤ j ≤ kn + n. Now, the polynomial
h1(z) :=
kn+n∑
j=0
α j
j∑
l=0
(
j
l
)
zn+l
γ nn+l
(−a) j−l
verifies
T nh1(z) = zn
kn+n∑
j=0
α j
l∑
j=0
(
j
l
)
zl(−a) j−l = zn p(z)qn(z),
hence ‖T nh1 − p‖K < ε. Furthermore,
‖h1‖B(0,R) ≤
kn+n∑
j=0
|α j |
j∑
l=0
(
j
l
)
sn+ls j−l
|γn+l |n
≤ 1
min{|γm |n : m ≥ n}
kn+n∑
j=0
s2n+3 j+2 ≤ 1
sn
< ε.
Finally, let us prove (2): For every n ∈ N, n > deg(p) and |γm | > s3k+9 (m ≥ n), we have
T n p(z) =∑deg(p)j=0 β jγ nj z j and
∥∥T n p∥∥K ′ ≤ deg(p)∑
j=0
|β j | · |γ j |ns j ≤ snsdeg(p)
deg(p)∑
j=0
|β j | ≤ s2n .
Hence∥∥T n p − zn(T n p)qn∥∥K ′ ≤ ∥∥T n p∥∥K ′ ∥∥zn∥∥K ′ ∥∥∥∥ 1zn − qn
∥∥∥∥
K ′
≤ s
2nsn
s4n
≤ 1
sn
< ε.
Now, let us write, (T n p)(z)qn(z) =∑kn+nj=0 α′j (z − a) j . As above, for each 0 ≤ j ≤ kn + n we
have |α′j | ≤ ‖(T n p)(z)qn(z)‖K ′ s j ≤ s3n+ j+1.
Let g(z) :=∑kn+nj=0 α′j ∑ jl=0 ( jl ) zn+lγ nn+l (−a) j−l . Then g is a polynomial satisfying
T ng(z) = zn
kn+n∑
j=0
α′j
j∑
l=0
(
j
l
)
zl(−a) j−l = zn
kn+n∑
j=0
α′j (z − a) j = znT n p(z)qn(z).
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Hence ‖T ng − T n p‖K < ε. Furthermore,
‖g‖B(0,R) ≤
kn+n∑
j=0
|α′j |
j∑
l=0
(
j
l
)
sn+ls j−l
|γn+l |n
≤
kn+n∑
j=0
s3n+ j+12 j sn+ j
min{|γm |n : m ≥ n} ≤
s3kn+7n+2
s(3k+9)n
≤ 1
sn
< ε.
Finally, taking h2 := p − g we get (2). 
Notice that Theorem 2.2, of independent interest, is in fact a universality criterion; see [22,14,
23,9,8,16]. Combining the two statements of Theorem 2.2 we get the following:
Corollary 2.3. Let {γk} ⊂ C∗ and T as in Theorem 2.2. Let L , K ⊂ C be nonempty compact
sets with connected complements and 0 6∈ K . Let f ∈ A(L), g ∈ A(K ) and ε > 0. Then there
is some N ∈ N such that, for all n ≥ N, there is an entire function h such that
‖h − f ‖L < ε and
∥∥T nh − g∥∥K < ε.
Proof. Take R > 0 such that L ⊂ int B(0, R). By the Runge theorem there are two polynomials
p1, p2 such that ‖g − p1‖K < ε/2 and ‖ f − p2‖B(0,R) < ε/2. By Theorem 2.2 we have that
there are two polynomials h1, h2 such that ‖T nh1 − p1‖K < ε/4 with ‖h1‖B(0,R) < ε/4, and
‖T nh2‖K < ε/4 with ‖h2 − p2‖B(0,R) < ε/4. Taking h := h1 + h2 the conclusion holds. 
We apply the previous theorem to the operator T ( f )(z) 7→ (z f )′.
Lemma 2.4 ([27]). There exists a sequence of nonempty compact sets Kn ⊂ C with connected
complement such that 0 6∈ Kn , n ∈ N, and for any compact set K ⊂ C with 0 6∈ K and connected
complement there exists some n ∈ N for which K ⊂ Kn .
To see a simple argument, note that for each simply connected compact set K ⊂ C with
0 6∈ K there exist n, r ∈ N and a finite sequence a1, . . . , ak of complex numbers with rational
real and imaginary parts such that K ⊂ {z ∈ C : n−1 < |z| < n} and d{K ,Γ } > r−1,
where Γ is the piecewise linear curve connecting n−1 and n, with vertices a1, . . . , ak . Hence
K ⊂ {z : n−1 ≤ |z| ≤ n, d{z,Γ } ≥ r−1}. Note that the sets on the right-hand side of the last
formula form a countable system of simply connected compact sets not containing 0, whenever
Γ is simply connected and r is sufficiently big.
Finally, we obtain as a corollary the statement of Theorem 2 in [31].
Corollary 2.5. Let {γk} ⊂ C∗ be a sequence verifying limk→∞ |γk | = ∞ and lim supk→∞
k
√|γk | < ∞. There exists f (z) = ∑∞k=0 ak zk ∈ H(C) with the following property: for every
nonempty compact set K ⊂ C with connected complement, 0 6∈ K , g ∈ H(C), and ε > 0, there
exists n ∈ N such that ∥∥∑∞k=0 γ nk ak zk − g(z)∥∥K < ε.
Proof. By the Birkhoff transitivity theorem, taking into account that Lemma 2.4 reduces the
problem to countably many K ′s, we have a residual set A ⊂ H(C) such that each f ∈ A verifies
the desired property; see [23, Sec. I, Prop. 3]. 
Actually, by Theorem 2.2, we have a mixing property of the operators considered here; see
e.g. [7].
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The former statement of Martirosian and Martirosyan was concerning the existence of such
a universal function with a prescribed lacunary power series. The following question remains
open:
Question 2.6. For which subsets A ⊂ N is it possible to find ϕ ∈ H(C) of the form ϕ(z) :=∑∞
k=0;k∈A ak zk verifying the statement of Corollary 2.5?
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